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2D Incompressible Euler Equations

2D Euler equations in the vorticity form:

{atw+u-VwO, (1)

Uu=V+(-A)"'w, wli—o = wo.

@ Global regularity of smooth solutions have been known since Wolibner
[WoI33] and Hélder [Hol33].

@ Yudovich [Yud63]: if wy € L' N L*(IR?), then ! global solution (u, w)
and the particle trajectory X; — Id € C®P(-Cllwol1n») where X; solves

X (x) _
at

@ Considering wg = 1p,, then

w(t) =1pw, with D(t) = Xi(Dy).

U(Xf(x)/ t)/ Xt(X)|t:0 = X. (2)

Vorticity patch problem: whether the initial regularity of patch
boundary persists globally in time, e.g.,

oDy € C*, k e Z*, y € (0,1), whether dD(t) € C*” for all time? (3)
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Vorticity Patch Problem of 2D Euler

& Vorticity patch problem (3) was initiated in 1980s.
Numerical simulations (e.g. Majda [Maj86]) once suggested the possibility
of finite-time singularity (e.g. infinite length, corners or cusps).

& However, Chemin [Che88,Che91] proved the global persistence result of
C*7-boundary regularity, by using the paradifferential calculus and the
striated regularity method.

# A simpler proof of the same result was obtained by Bertozzi & Constantin
[BC93] applying the harmonic analysis techniques and contour dynamic
approach.

» For other proof, see Serfati [Ser94].

» For the vorticity patch problem of 3D Euler equations, see Gamblin,
Saint-Raymond [GSR95].
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Density Patch Problem of INS system

Inhomogeneous Navier-Stokes (INS) equations
a[p +Uu- Vp = 0,
pdu+ p(u-Vu) +Vp—Au=0, (4)
divu=0, (p,U)l=o = (po, Uo).

u=(u,---,uq) velocity field, p density, p pressure. It models the
incompressible fluid with variable densities.
m P-L. Lions ([Lio96]) proposed Density patch problem:
let po be of patch structure, whether the regularity of patch boundary can
be preserved?
m For the 2D INS with po = 111p, + 772108:
@ Liao, Zhang [LZ16]: 9Dy € WKP, k > 3, p € (2,4), for 11,72 close to 1
and [LZ19] for any 11,12 > 0, then dD(t) € WkP.
@ Danchin, Zhang [DZ17a]: dD, € C'7, n1, M2 close to 1, then
aD(t) e C'.
@ Gancedo, Garcia-Juarez [GGJ18]: 9D, € C', W2, C?” and
n1,7M2 > 0, then 9D(t) € C'7, W=, C?7.
m For 2D INS with pg = 1p,: Danchin, Mucha [DM19] treated dD; € C'* with
Dy c T2, then 9D(t) € C'=.
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Viscous Boussinesq System

The viscous Boussinesq system without heat diffusion

060 +u-Vo =0,
Jiu+u-Vu—Au+ Vp = Oey,
divu=0,

(0, U)lt=0 = (6o, Up), (x,1) € RYx R,

where d =2,3,e4=(0,---,0,1), u= (uy,---, ug) velocity field, 6
temperature, p pressure.

¢ (5) is widely used in modeling the convection phenomena in the ocean and
atmospheric dynamics; it also plays an important role in studying
Rayleigh-Bénard problem.

¢ Mathematically,
> (5) contains incompressible Navier-Stokes and Euler as special cases;

> 2D inviscid Boussinesq system is analogous to 3D axisymmetric Euler
system away from axis.

Liutang Xue (BNU) Revist Patch Problems of 2D Boussinesq and 2D INS



Boussinesq Temperature Patch Problem

Boussinesq temperature patch problem for Boussinesq system (5):

Let 0y = 1p,, with Dy ¢ R? a simply connected bounded domain.
Then

0(x,1) = 1py with D(t) = X;(Do).

whether the initial regularity of patch boundary persists globally in time?

m Danchin, Zhang [DZ17b] firstly proved the global well-posedness with
6o € Bz/‘7 ', g € (1,2), which admits C'”-temperature patch 1p,, and then
in 2D as well as in 3D under a smallness condition,

oDy e C', = ID(t)eC", Vit<oo.
m Gancedo, Garcia-Juarez [GGJ17] in 2D considered 0y = 1p, and proved
oDy € C'7, W2, C2%" = JD(t) € C'7, W?>,C?7, ¥t < co.
m Gancedo, Garéia-Juarez [GGJ20] in 3D considered more general_
temperature front initial data 0o(x) = 6*(x)1p, with 6” defined on Dy, and

under a critical smallness condition of data, the above global persistence
results still hold.
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¢ Note that the previous literature of both equations did not address the case
of 0Dy € Ck7, k > 3.

e Main goal: let 9Dy € C*7, k > 3, v € (0, 1), show the global C*”-regularity
propagation result of dD(t) for 2D Boussinesq and 2D INS.

Besides, for 2D Boussinesq, consider the temperature patch of
non-constant values. It usually called the temperature front, and
models an important physical scenario in geophysics, see Gill [Gil82],
Majda [Maj03].
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The Setting

e The setting for 2D Boussinesq.

Assume 0o(x) = Oo(x)1p,(x), where Dy c R? is a bounded simply
connected domain with 9Dy € C*7, k € Z+, y € (0,1).

e The setting for 2D INS.
Assume po(x) = n11p,(X) + n21 DS (x), where 14,12 > 0 (very close),
D, c R? is a bounded simply connected domain with 9Dy € C*7, k > 3,
y€(0,1).

e For both equations, consider the level-set characterization of Dy:
3(p0 e Ch7 st

Dy = {x € R? : go(x) = 0}, Dy = {x € R? : y(x) > 0}, Voo # 0 on 9D.
Then dD, can be parameterized as
25:8" > 9Dy with d,zp(a) = Vipo(zo(a)) = Wo(zo(a)),
with V+ = (=d,,04)".
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Main Result: 2D Boussinesq

Theorem 1 (Dongho Chae, Qianyun Miao, L. Xue, ArXiv:2110.06442v2)

Let 8o(x) = Oo(x)1p,(x) be temperature front data with 9, € L>(Dy) and
dDy € C'7(IR?). Let up € H'(IR?) be a divergence-free vector field. Then,
there exists a unique global solution (6, u) to the 2D Boussinesq system (5)
such that for any T > 0,

ue C(0, T;H')N L3O, T;H*)nL'0,T;C'), VYye(0,1),

0(x, t) = 0o(X; " (x))1pry(X), with ID(t) = X,(dDo) € L*(0, T; C'7),
where X; is the particle-trajectory and X' is its inverse.

(1) If additionally, 9Dy € W2, 8, € C*(Dy), 1 € (0,1), and up € H' n W'»
with some p > 2, we get

ID(t) € L=(0, T; W2=).

(2) If additionally, 9Dy € C*7, k > 2,y € (0,1), 8, € C¥27(Dy), and
Up € H' n W', (Qw, o, - - ,8‘;;01 Up) € W'P with p > 2, we obtain

aD(t) € L=(0, T; CK7).

Here, dw, Uy := Wy - V.
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Remarks on Theorem 1

Remark 1

Compared with Gancedo, Garcia-Juarez [GGJ17], we consider the
temperature patch problem of non-constant values, and we offer a simpler
proof of the C'v, W2> and C?" regularity persistence result.

Moreover, by applying the striated estimates method initiated by Chemin
[Che88,Che91], we introduce the striated type Besov space

i

B3, (RY) = {fe B3, (R [z, Zuaﬁvfnagwqo},

A=0

and establish a series of striated estimates in this space, and then we prove
the C*7 -regularity persistence result.
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Main Result: 2D INS

First recall the following C'7-regularity persistence result with any ny, 1. > 0.

Proposition 1 (Gancedo, Gar€ia-Juarez, (2017), Theorem 4.1)

Lety €(0,1),s€(0,1—-y),5€(0,s). Let Dy c R? be a bounded simply
connected domain with dDo € C'7(IR?), and po(x) = 0110, () + 1121p¢ (X) with
m,7m2 > 0. Let up € H'*5(IR?)(IR?) be a divergence-free vector field.

Then, there exists a unique global solution (p, u) to 2D INS system (4) such
that forany T > 0,

ueC(0,T; H*S(R?)) N L'(0, T; C'*"*8(R?)), V5¢€(0,s), (6)
and

p(X, 1) = ni1pgy(X) + n2l ey (x) with D(t) = Xi(Do) € L=(0, T; C'7(IR2)),

where Xi(-) is the particle-trajectory.
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Main Result: 2D INS

We did not achieve the goal of showing the global C*7”-persistence result for
any 11,12 > 0. We just proved this regularity result for |y — 12| small enough.

Theorem 2 (Yatao Li, L. Xue, Preprint, 2021)

Under the assumptions of Proposition 1, if additionally Dy € C*”(IR?), k > 3,
y €(0,1), and 8§vou0 € C'"(R?),£=1,--- ,k — 1, and assuming that

|;—; — 1| < c. with ¢, > 0 a sufficiently small constant, then for any T > 0 and
any y’ € (0,y), we have

aD(t) = X,(dDy) € L*(0, T; CK' (R?)).
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Main Result: 2D INS

We did not achieve the goal of showing the global C*7”-persistence result for
any 11,12 > 0. We just proved this regularity result for |y — 12| small enough.

Theorem 2 (Yatao Li, L. Xue, Preprint, 2021)

Under the assumptions of Proposition 1, if additionally Dy € C*”(IR?), k > 3,
y € (0,1), and 3@0“0 € C'"(R?),£=1,--- ,k — 1, and assuming that

|;—; — 1| < c. with ¢, > 0 a sufficiently small constant, then for any T > 0 and
any y’ € (0,y), we have

aD(t) = X,(9Dy) € L=(0, T; C*' (R?)).

By replacing C* with B*"” it will be a regularity persistence result.

00,17

Proposition 2 (Yatao Li, L. Xue, Preprint, 2021)

Under the assumptions of Proposition 1, if additionally D, € Bfoﬁy(]R2),

k>3,y€(0,1), andaf,vouo € BE (R?), £=1,--- ,k — 1, and assuming that

|Z—; — 1| < ¢, with ¢, > 0 a sufficiently small constant, then for any T > 0,

ID(t) = Xi(9Do) € L=(0, T; BEY (R?)).
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Remark on Theorem 2

e The key point of Gancedo et al [GGJ17] is mainly using the time weighted
energy estimates to step-by-step show the refined estimate of
Diu = (d: + u-V)u, that is, t°2° Diu € LS (H') N L2(H?).

e One might expect to combine the procedure of [GGJ17] with the striated
estimates method to show the C*” -persistence resuilt.

But it will face some difficulty even at the first step, i.e., getting
\Vpoidwu, Vowu € L2(L?), where W = V*o.

e The main reason is that we need to treat the commutator term
[A,dw]u= AW -Vu+2VW - V2u. We only have W = V@ € C'7,

Vy € (0,1), it seems hard to treat the term like [ AW - Vu (d;dwu)dx in the
energy type estimate.

e Note that in Liao, Zhang [LZ19], due to dD, € WXP, k > p, p € (2,4), they
can show W e Ly (W?P), and so AW - Vu and other related terms can be
controlled, and time weighted energy estimates combined with striated
estimates method can lead to the WP -persistence result for any 11,12 > 0.
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Sketch of Proof for Theorem 1

e In order to prove C'7-, W2=- C?7-regularity persistence result, noting that
D(t) = Xi(Dy) has the level-set expression ¢(t) solving

dip+u-Vo =0, ¢(0,x) = po(x), (7)
one needs to prove uniform boundedness of p(t) in C'7, W2, C27.

e A new ingredient is the introduction of a good unknown’
MN=w-R_406,

with the vorticity w := d1ux — dpuy and R_y := d4(-A)~" = I1A2.
Note that equation of vorticity @ reads

Jiw + U-Vo — Aw = 046, Wli—o = wy.

We see diw + u-Vw — AT =0,and ;R_10 + u-VR_10 = —[R_4,u - V]0,
which leads to

O +u-VI—AT =[R.4,u-V]6, Tl =To. (8)

Such a quantity is widely used in 2D Boussinesq with partial fractional dissipation.
See e.g. Hmidi, Keraani, Rousset [HKR10,HKR11].
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Sketch of Proof for Theorem 1: C'7-result

e By commutator estimate [|[R-1,u- V]¢llgy < IVUllrligllgy , + lIUll2lillz,

the quantity I usually has good regularity estimates, e.g. I' € Z}(Bg,m) if
up e WP p>2.

e Thus
Vu=VV(-A)"w = VVH(-A)'T + VVH(-A)'R 40. 9)
e Since 6 € Ly(L2 N L>) and VV+(-A)~"R_; is a operator of —1-order, we

can prove that Vu belong to L}(C”) and X' € Ly(C'7), which ensures
@(t) = po(X; ' (x)) € L7(C™7).

Liutang Xue (BNU) Revist Patch Problems of 2D Boussinesq and 2D INS



Sketch of Proof for Theorem 1: W2*-result

e In order to prove that u € L}(W?), which implies uniform
W2*-poundedness of ¢(t), from (9), we mainly need to show that

VEVH(=A) 'R0 € LF(L™), with 6(t) = Bo(X; " (x))Toq).

The situation is analogous to that in the vorticity patch problem of 2D Euler
equations, where one needs to show

Vu=VV(-A)"we Ly (L") with @ =1p().

By using the additional cancellation property of the singular integral operator
with even kernel (see the geometric lemma in [BC93]), we can derive the
desired uniform boundedness estimate.
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Sketch of Proof for Theorem 1: C%7-result

e To obtain global uniform C27-estimate of ¢(t), we consider W = V¢
which solves

W+ u-VW =W -Vu=9dwu, W= W,.
e By estimating C”-norm of VW(t), it mainly needs to show
dwVu € L}(C7).
e We see
IwVu = dwVV*A 20 = dyVVAPT + 9y VV4I A0
e Estimation of '-term. Note that
t(Owl) + u-V(Owl) — A(Owl) = =AW - VI = 2VW - V2T 4 dw([R_1, u - V]6).
By using product estimate (for u divergence free)
llu- Vollg;s < min {IIUIIB,;e,IqubIILw, IIUIILwIIV¢||55§}, (10)
we use smoothing effect of heat eq. to get that for 0 <y’ < min{y, 1 - %},
Ilawr(l‘)ll = +llowlll

L1 B) +1)

< CeCU+? 4 Cf (||VU(T)||LW||¢9WF( )||B>’ 1 +||W(T)||B; +1||VF( )”L“’)dT'
0
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Combined with the following striated estimate that for € € (0, 1)
lldw(m(D)P)llg;e < Clidwligze + ClIWIIwrliPllsse, (11)
we get

t
- 2
19w (VVA2D)l1 oy s €C0F + f (W1l + 9wTl -1 J(IVUlls + Tl o
t 0 00,1

0,1

o Estimation of O-term. Similarly,

t
— 2
10w (VYA A0)s o) < €1 +||8W9||LQ(BT”‘)+f IW()llg: 16(T)ll2nsdr.
SO L

> Note that
didwb +u-Vowb =0, OwOli—o = awo Oo,
and then

t ~ 3
WOl < €° 6 MU= 9y Boll, 1 < (19w, Oollgy-+ £+,

Lemma 3 (Striated Regularity of Initial Temperature Front)

Letk >2 and 0 <y < 1. Assume D, c R? is a bounded simply connected
domain with dD, characterized by level-set function @, € C*”(R?), and

0o(x) = Bo(x)1p,(x) with G € C*~27(Dy). Let Wy = V*go. Then
951 60(x) € CT7 (R?).
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Sketch of Proof for Theorem 1: C%7-result

e Therefore,

W ()t + 10T (D)l 1 + 9wl

+ llowVu y
0,1 Y(Bm,1‘1) low ”L:(B“""““)

t
< CeCU+? 4 cf (I1W1l1 + ||aWr||B,,,1_1)(1 +IVU(D)lier + M (Dllpaws )dT.
0 ¢ 0,

Gronwall’s inequality guarantees

, , C(14T)8
Wil gy + 10wl g g7t - 19wT Ly i) + 10w Vully gy, < Ce :
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Sketch of Proof for Theorem 1: Striated Estimates

e In the proof of propagation of higher C*?-boundary regularity, motivated by

[Che91,LZ186], it suffices to show the striated estimate
MW e L (C).

e The method of striated estimates (or conormal estimates) initiated by
Chemin [Che88,Che91] plays an important role. However, the regularity of
vector field W and its striated counterpart 9}, W in [Che88, Che91] are of
C” type with 0 < y < 1, while in our situation they all belong to C'.

e As a consequence, it yields substantial difference in analysis. The
foremost one is the estimation of R, given by

Aofar - am) = [ [+ 62 (e y)ayde
4] JRY i3

Lemma 1 (Lemma A.2, Chemin (1991))

Letsupp a; € B(0, C;29). Lete € (0,1), ke < 1, and W be a regular vector
field satisfying ||W||1 ek K N (Tww ) Wl g1-e—ce < oo, then for every € < k,

m

”(TW»V)[Rq(Oéh" ° /l)ém)”Lw < Cl)‘:eZ‘” luDe H (Tw.v)”"l)(,'”Loo,
IJ< i=1

1-€ek—

, im) @nd C depends on [|W||_

Liutang Xue (BNU) Revist Patch Problems of 2D Boussinesq and 2D INS

where u =

(‘u1,...




Sketch of Proof for Theorem 1: Striated Estimates

e Such a factor 29¢(-#) |eads to various estimates in [Che91,LZ16] with
essential e-regularity loss, but in our case there will be no regularity loss.

e Denote B;/,(IR" ) the usual Besov space, we introduce the striated type
Besov space 87/ ,(R?) and 8% , (IR?) with

t
Il .ona/‘ flsg, <o Iflgse o= ) I(Tww) fllg, < eo. (12)
A=0

A=

When p = o0, use abbreviations 8%}, : Bffr W

Letsupp a; c B(0, C;29). Letk € Z*, 5 € (0, 1) and W be a divergence-free
vector field of R? satisfying ||W||B1+<rk 1= Z,A oll(Tw.y)? Wiligi o < co. Then

forevery p € [1,] and ¢ < k,?
[(Tww) Ratars, -+ am, < C min (£ I(Tws)alls T (Tl ),

1sism \ uj<e 1<j<m, j#i

By =B, = B

oo, 1,W*

with C depends on [|W||z1+ek-1-
oo, W

aA similar inequality with p = oo appeared in Pg. 446 of Chemin [Che88].
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Sketch of Proof for Theorem 1: Striated Estimates

Using paradifferential calculus, we establish some refined striated estimates.

Lemma 5 (Higher-order Striated Estimates)

Letk €N, 0 € (0,1), and W be a divergence-free vector field satisfying
k-1
||W||B;f$k’1 = EO ”alva”B;j; < 0o,

Let m(D) be a 0-order pseudo-differential operator with m(&) € C*(IR? \ {0}).
Assume u : RY — RY is smooth and divergence-free, and ¢ : R — R is
smooth. Then for every e € (0,1) and (p, r) € [1,]?, there exists C > 0
depending on ||W||Blo+;/x|;k—1 such that:

k k
lu- Volls-ex sCmin{ a0, IV i Y el IVl 0 } (13)
¢ 8PJ,W #Z:O BM; ¢ Bp,r,W‘ F‘ZO BPJ,};V (P Bgv #
Im(D)lly-cisr < Cliglg-ciss + C(1 + IWilgre Igllgex +11A-m(D)les )
p.r,W p,r,W w p.r,W

(D), u- Vil es. < C{IVUlggy -+l il
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Sketch of Proof for Theorem 1: Striated Estimates

These striated estimates are natural generalization of some classical product
and commutator estimates in the usual Besov space with negative regularity
index, which might be interesting in its own.
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Sketch of Proof for Theorem 1: C*7-result

 We use the induction method. The goal is to show 9%, 'W € L°(C?), or
more precisely, to show

Wiy gy IV gty T i Wl g acs) < Hon(T).

L°°(B Ll 3’

e Suppose for every £ € {1,--- ,k — 2} we have

||W|| 87+1[ 1, IVl SH(T), (14

sty s g1y 171
T W

B; 1, f)

we intend to show the corresponding estimates with ¢ + 1.

¢ Note that in showing C?”-persistence result, we have proved (14) with
£=1.
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Sketch of Proof for Theorem 1: C*7-result

e The procedure is as in proof of C27-persistence result.
e In order to get the L”"(BV“'Z) estimate of W, we start with estimation of
Ly (B, )-norm of 9!, VZW. We see

(I VEW) + u- V(94 VEW) = 9/ V2u + 29}, (VW - V2u) + 9%, (VEW - Vu
w w
- 3% (VBu- VW) = 3%, (Vu - VEW).

e Using striated estimates, we find
t t
||3{/VV2W(I)||B;;; S C+f0 |I<9f,;”VZU||B;;;dT+£ ||W||$L+M||Vul|8gwdm

it needs to consider VZuin LI(8. /).
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Sketch of Proof for Theorem 1: C*7-result

e In light of (9), we treat the I'-term and 6-term separately:
||V2U|| gty S (IVV+A~ (Vr)||L?(BL_,|1A}M) +“VZVL(%A_49||LJ(BL_,;{,M)'

e Estimation of 6-term. The striated estimate gives

V201N Ol -ty S N6y -t + f (IWlg1e + 1)(||9||By o+ 11012 )dr.

Since 9;(9},0) + u- V(&’WG) = 0, and using Lemma 3,

CIvull, 1, oo
101, 57111, < Ce T Goll gret < CECUHD,
oo, W

Thus

t
IVEVAOIA 0Ny 11, < CeOUH° 4 o0+t f IW(1)ll1cdr.
t oo, W 0 w
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Sketch of Proof for Theorem 1: C*7-result

o Estimation of I'-term. Using striated estimate in Lemma 5,
t
IIVVL/\‘Z(VF)IIL: @ s IIFIIL;(Bm) +f0 IIW(T)Ilgw(IIr(T)IIBZW +1)dr+1.

Consider smoothing estimate of af;‘ I'. We see
(I T) +u- V(A 'T) = AT = [A, 9, + 9% ([R-4,u- V]O),

with
4 3
8,951 =Y 2 (AW -V T) + Y 9l (2VW - V2aL,T).

i=0 i=0

We finally arrive at that for y’ € (0, min{y,1 — ,%})

||r(t)||%’/—1,c+1 + ||r”Lt1 (81

t
<C fo (Il 10+ V0 (I Wllg i1+ lrs i JdT+ G (15)
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Sketch of Proof for Theorem 1: C*7-result

e Gathering the above estimates, we finally get

||W(t)||137;\1\/ + ”VU”LW(BVI 1 I(t )|| s-1,e41 + ||FH V\//+1,z+1)

t
<C fo e 1)("W"B;iv‘v" + Il r-141)d7 + C.

e Gronwall’'s inequality and the induction assumption guarantee the desired
result

w y Vu y r = r ARy,
Wl g0y IV gy I iy Iy v

< Coxp{CIVUl,y e, + Oy yrvney + O} S 1.
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Sketch of Proof for Proposition 2

e Without loss of generality, assume 1, =1, 1 = 1.
e Letk > 3. The proof of B, kty | -persistence result for 2D INS is analogous
with the C*7-persistence result.
e The main target is to prove
(@' W)(,.1)eL=(0,T;BL,), Vk=8,y€(0,1). (16)
We indeed will show that

IWI oo 102y - MUl o gytoety MUl ety
T W

Lo (8,
VP, )l g vt + 1 p||L1T(Lm) <Hea(T).  (17)
e We prove (17) by the induction method.

e As a starting point, (17) with k = 2 can be justified based on Proposition 1.
e Assume thatforevery 1 <{ <k -2,

||W||Lm BH” 1, + ||U||Lm - 1[ + ||U|| v+1 )
4MW@WM;w+Mmmm_WU) (18)

we intend to prove (18) with ¢ replaced by ¢ + 1.
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Sketch of Proof for Proposition 2

e In considering ||W|| , we get

Ly B’““

t
||8§VW|ILM(81+7/)s1+ fo ||U||B;+1y||(9€VW||L$O(B::1V)dT-|- fo ||afV;1u||B;+11dT.

o For |19 ull consider

L1 B}-H)

AP )+ U V(I )~ M@ ) + V9, )
l
= (1= )00 W) = 18,9+ ), 0(YW - Vo) = Frs - (19)
with D; = d; +u-V,

4 ¢
8,95 u =Y 9 (AW - Vaju) + Y d,(2VW - V2 u).
i=0 i=0
e Using the striated estimates, there exists a C; = C;(D,) > 0 such that

41
lloy, " ull

L (Bl

1) +|I8”1u|| B <C(1 +||V(9”1p||L1(B

+ fo ||W||Byw+1,l(||U||ByW+1,t+||VP||$7/V;1/)CIT)+C1|7]1 — D Wl g1
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Sketch of Proof for Proposition 2

e Concerning Vd,/'p, letting # := VA~ div, we have
Vol tp = —P(0idly" u)-P((p-1)(Didly " u))-P(u-VIly u)+P(Ay U)+PFrs.
Using the striated estimates, e.g.,

I(Id — A_)P(35,' dru, 9% Au) 1 < Cll(Q:u, Au)||B} 1[||W||31z

ey

we get

t
||V9§Q’1P||LT1(BL]1) < CJ{; (”ul|BVV;1'”1 + ||W||B;V;r1[)(||u||3;v;r1f + ||(Vp/atu)||3yv;1,f)d’5

+ C + Gilno = TMID(I3 " Ul g1 (20)
e Using equation (19), we infer
19101 Wy gy + 1D Wl g1,

<C fo (Wulgyorsr + IWlgn )l + 11(VD, Grta)l )l

41
+C +6Cilns ~ 1D Wy 1)
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Sketch of Proof for Proposition 2

e Gathering the above estimates, and letting 20C+|n; — 1] < 1, we conclude
that

||W(t)||81w+7/,f + ”U(t)”B]/V;LFJrW + ||U||Lt1 (B +I(Vp, atU)HLt1 (8
t
<C fo (M)l + 107, ) (Dl J (U g0+ IW(D) g )T + C,

where C > 0 depends on H(t).
e Gronwall’s inequality and induction assumption yield that

Wil 506y + W0l orony 1l gy + 1V, D)l gorev,

< Cexp{ (nuuww 7P, )l g 10y ) < Heaa (T (21)
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Thanks for your attention!
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