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a>0, e = (1,0,0)

(L +[z)* (I + o] —21)?, @ = (21,22,73) ER®

qaﬁl



(L+ [2])o (L + o] = 1)?

Stationary Problem )
Finn (1960's) : PR-solution
us(z) = O((1 + |z))*(1 + |z| — 21)71) as |2] — oo
Nonstationary Problem

Knightly (1979), Mizumachi (1984) :
initial perturb. has some spatial decay structure =

u(z,t) = us] < C(L+ |2) 7 (1 + 2] — 1)~
vVt > 0,|z] >>1




e Anisotropic weighted L9-L" estimates of the
Oseen semigroup

e Stability analysis in anisotropic weighted L4
framework




Farwig-Sohr (1997) : Stokes resolvent problem in
L) (2 =R® or D) & the Helmholtz
decomposition:

LiQ) =11, (Q)@{Vpe LiQ);pe L (Q)}
for 1 < ¢ < 00, p € 47,(€2) : Muckenhoupt class

1) i= {u e L@ [ lutoltpds < oo},

SV
L3 (€)== Cgo, (),
Coo(2) :={u € Ceo(Q)?; divu = 0}

Aim 1 Conditions on «a, 3
so that (1 + |2)*(1 + |z| — 21)” € ,(R?)



Theorem 1

Let 1 < g < 0.

pap = (1+]2))*(1+ |z] — 21)" € #(R®) <
—-1<f<qg—-1, =3<a+B<3(q-1).

e Farwig (1992) : Theorem 1 with ¢ =2
e Kratmer-Novotny-Pokorny (2001) : “ <"



—1<pf<qg—1 —3<a+8<3(@-1)

3(g—1)




4C > 0 s.t.

1 / 1 4\
TSN Pa, dy) ( / Py dy)
(|Br($)\ B |Br(2)] /) "
<(C

for all balls B,(z) := {y € R®; |y — 2| < r}
if and only if «, (3 satisfy
—1<f<q—1 —=3<a+8<3(g—1).




Let @ =R3 or D. Given 1 < ¢ < 0o and «, 3 s.t.

—1/g<B8<1-1/q, =3/g<a+p<3(1-1/q),

set p(z) = (1 + |z])™(1 + |z| — 21)%.

e Helmholtz projection P : LI(€2) — L7 (2

e Oseen operator A, : LY ,(Q2) — L% (2) (a > 0)

P(Aa) = WA(Q) N W(Q) N LE(9),

A,u=—P [Au — a@] .
(‘3:61

W24(Q) := {u € L1,.(Q); u, Vu, V>u € LI(Q)}

loc

Aim 2 Anisotropic weighted L?-L" estimates
of e~t4e




e Kobayashi-Shibata (1998) : If
1<g<r<oo(q#o0)(resp. 1 <gq<r<3)
when k£ =0 (resp. kK =1). Then

|VEe e Pfll,p < Ct73G—075 | £
fort > 0and f € LYD).

e Kobayashi-Kubo (2015) : If
1<g<r<oo(q#o0)(resp. 1 <q<r<3)
when k=0 (resp. k= 1),

11+ |V e P fll.p
< O (1 [2)* fllgp

fort >0and f € L}, a(D).

q,D



Theorem 2 (Smoothing action near ¢t = 0)

Given ag > 0, assume a € [0, ag. Let £ = 0,1 and
let 1 < g <r <oo(q# ), a,B > 0 satisfy
B<1-1/q, a+ B <3(1—-1/q). Then

11+ 2))(1 + || — 21)PVFe P f|,
< Ct72GTI7E (1 4 2)) (1 + || — 20)° flgp

fort <1, f € LI(D), where C : independent of a,
pla) = (14 [z)* (1 + x| — 21)™.



Theorem 3

l.letl<g¢g<r<oo(q# ) anda,5>0
satisfy

f <min{l—1/¢,1/3}, a+ < min{3(1—1/q), 1},
then

(14 )1+ fo] = 21) e 4Pl
< O+ fal) (L + J2] = 1) fllgp
+ Ct 3G (1 4 Ja| — 20) fl g0
+ OGN (1 + |2) fll
+ G £l
fort > 1, f € L4(D), where C' : independent of a.




2. Assume a € [0, a9] (ag > 0). Let 1 < g,r < o0
and «, 8 > 0 satisfy
f <min{l—1/¢,1/3}, a+ < min{3(1—1/q), 1}.
If « < 2/3 (resp. a > 2/3), we suppose
l<g<r<min{3/(1—a—7),3/(1-(3a)/2)}
(resp. 1 <g <r<3/(1l—a—7)).
Then fort > 1, and f € Li(D),
1L+ \xl)a(1+ \fﬂ\ —21)'Ve " “Pf.p
< Ct 27| (14 J2)) (1 + J = 21) f g0
+Ct 2l +”H( +Jz] = 21)" fllg.p
+Ct*ﬂ Hoits A+ 2Dl
+ Ot £l .




3. Assume a € [0,ap]. Let 1 < ¢,r < oo and o > 0
satisfy o < min{3(1 — 1/¢),1} and
1<qg<r<3/(1—a).lfa>0,then
(1 + [z)* Ve P, p
_3(1_1y_1 N
<Ot 2T 72 (1 ) fllg.p
_3(l_1y_1,,
F OGO

fort >1,f¢€ L((JHM)M(D), and if a = 0, then
(1 + [z)*Ve Pl p

< Ot 272 (1 J2 ) fllgp

fort >0and f € L((]1+|x\)aq(D)-



Theorem 4 Assume a € (0, a9 (ap > 0).

Let 1 < ¢ <r <oo(q¢+# o) and a, > 0 satisfy
B <min{l—1/q,1/3}, o+ <min{3(1—1/q),1}
and 1/q — 1/r < 1/3. Moreover, if k =1 and if

a < 2/3 (resp. > 2/3), we suppose

l<g<r<min{3/(1—-a—-7),3/(1—-(3a)/2)}
(resp. 1 < ¢ <r<3/(1—a-p)).
For € > 0, we have
11+ [z))* (1 + || — = )ﬁVk AP flp
< Ctii %*%)**Jrer +max{9,
X (T4 |2 (1 + IfBI — 1) fllg.0
fort > 1and f € LI(D).



Aim 3 Stability of PR-solution in anisotropic
weighted Lebesgue space

( %—F(U-V)u:Au—aS—Z—Vp,
V-u =0, re D, t>0,
) ulop = —aey, t >0,
u—0 as |x| — oo,
u(z,0) = uy, reD.




e Shibata (1999), Enomoto-Shibata (2005) :
30,3e > 0 s.t. if a <6, ||lus —wlls.p < e

= [lu(t) = ugll.p = Ot 27%), 3 <7< oo,
IVu(t) — Vug||s.p = Ot 2) as t — 0o

e Bae-Roh (2012) : Given some ¢ < 3 and
O<a<1/2. lfa<dand

if up € L3(D) N L, | |,y (D) satisfies

|us — uplls.p < €

S L+l u(e) — ) = O3 D500,
q<r<oo,Vn>Q0.



u=v+us, p=0o+ps
t

~ (t) :e_tA“u0+/e_<t_T)A“P[—v-VU
0

Theorem 5 — U Vs — VTJ} dr.

Let o, 5 > 0 satisfy § < 1/3 = min{1 — 1/3,1/3},

a+f<1=min{3(1 -1/3),1} and

let ug € L3(D), where

p(x) = (14 |2])?¥(1 + |z| — 21)%. Then 35,3 > 0

s.t. 0 <a <6, ||us — uol|ls.p < e = Jv enjoys

11+ ) (1 + [2] = 22) 0 (@) [lrp = O(F 3 3+0+5)
3 <Vr < oo,

«a —li48
1L+ [2)* (1 + [o] = 21)"Vo(®)]lsp = Ot F72).



e Qutline

1. Estimate near the boundary of D
e Local energy decay (Kobayashi-Shibata 1998) :

— — _3
0™ fllg.pnps + lle™ fllwzapnsn < Ct2 ) flla.n

vi>1, fe{feLiD); f(z) =0for |z| > R},
where Br = {y € R?; |y| < R}.
e Cut-off procedure

2. Estimate at spatial infinity

e Anisotropic weighted Li-L" estimates in R?
e Cut-off procedure



e Step 1

Proposition

Let 1 < g < o0 and a, 8 > 0 satisfy

a+p <3(1—1/q). Given

s € (max{(3q)/(3 + agq + Bq), (29)/(2 + aq)}, g,
we have

e 4P fllwaaorsy + 10~ P fly.ors,
< CtE|(1+ |2 (1 + |2] — 21)° fllon
fort > 1, f € LiD).




