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Introduction

@ Atensor Q was introduced by de Gennes (1974) in order to
characterize the orientation and degree of ordering for the
liquid crystal molecules.

@ In the Landau-de Gennes theory, Q is known as a N x N
traceless and symmetric matrix.

@ Based on his idea, Beris and Edwards (1994) proposed the
model for a viscous incompressible liquid crystal flow, which is
coupled system by the Navier-Stokes equations with a
parabolic-type equation describing the evolution of tensor Q.
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Q-tensor model of nematic liquid crystals in RV :

ou+ @-Vyu+ Vp=Au+Div(r(Q) + 0(Q)), diva =0,
(BE) 0,Q+ (u-V)Q-S(Vu,Q) =H,

(u, Q)l=o = (ug, Qo).

o u=(ux0,..., uy(x, 1)’ o fluid velocity, p = p(x,?) : pressure,
Q = Q(x, 1) : order parameter of liquid crystal molecules

o DivA = (XY, 9. XY, 9Ay) | 6 = 8/dx,
o 7(Q) =27H : Q(Q+ £I)-n|H(Q+ 1) + (Q + 11)H|-VQovQ
c(Q=QH-HQ, neR, (VQOVQ); =3, 0:0050;00

@ H=LAQ — aQ + b(Q* — tr(Q*)I/N) — ctr(Q*)Q, L=1,a,c >0
I: N x N identity matrix

® S(Vu,Q) = (D) + Ww) (Q + 1) + (Q + £I) (7D (w) — W(w))
~27(Q+4+I)Q: Vu
@ D(u) = (Vu+ (Vw)’)/2, W) = (Vu - (Vu)’)/2,
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Known results (weak solution)

@ Paicu-Zarnescu (2011, 2012) : the casenp =0 or || < 1.

The existence of global weak solutions in RN with N = 2, 3. The
weak-strong uniqueness in R2.

@ Anna (2017) : the case n = 0. The existence of global weak
solutions and uniqueness in R? for lower regularity initial data
compare with Paicu-Zarnescu.

@ Huang-Ding (2015) : the case n = 0. The existence of global
weak solutions with a more general energy functional in R>.

Remark A scalar parameter n € R denotes the ratio between the
tumbling and the aligning effects that a shear flow exert over the
directors. n = 0 means that the molecules only tumble in a shear
flow, but do not align.
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Known results (strong solution)

@ Abels-Dolzmann-Liu (2014) : For any n, they proved LWP and
the existence of global weak solutions with higher regularity in
time in the case of inhomogeneous mixed Dirichlet/Neumann
boundary conditions in a bounded domain.

@ Liu-Wang (2018) : For any n, they showed LWP to the case of
anisotropic elastic energy. They improved the spatial regularity
of solutions obtained in Abels-Dolzmann-Liu (2014).

@ Abels-Dolzmann-Liu (2016) : the case n = 0. LWP with
Dirichlet boundary condition for the classical Beris-Edwards
model, which means that fluid viscosity depends on the
Q-tensor.

@ Cavaterra et al. (2016) : For any n, they proved GWP in the
two dimensional periodic case.

@ Xiao (2017) : the case n = 0. GWP in a bounded domain. He
constructed a solution in the maximal L,-L, regularity class.
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@ Schonbek-Shibata (2019) : For any 7, they proved GWP in RY
in the maximal L,-L, regularity class.
(BE) &
ou— Au + Vp + SDiv (AQ — aQ) = f(u,Q), divu =0,
9,Q - fD(u) — AQ +aQ = G(u, Q),
(u, Q)|t=0 = (U(), Q0)7
where 8 = 2n/N.
Their system are removed AQ — aQ from the tensor 7(Q). Thus, the

linear part of the first equation is d,u — Au + Vp, and so linearized
equations for u and Q are essentially separated.

For some 1, we prove GWP for small initial data in the maximal
L,-L, regularity class:

u € L,((0,0), W;(RY)) N W, ((0,1), L,(R)),
Q € Ly((0,1), W,(RY)) N W,((0, 1), W, (RY))
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Notation
@ Sp={Q:NxN matrix | trQ = 0, Q = QT},
X(RY;S) = {Q: RY - So | Qllx = TN 11Q4llx < o} (X = W)
e J,(RY) = {ueL,(R")|diva=0inRN}
o D,,(RY) = {(w,Q) |ue B, "R NJ,RY),
Q e By, TP(RY; )
® X,,, = {(0,Q) | u e L0, WARY) N WA((0,1), L,(R")),
Q € L,((0, 1), W2RY; Sp)) N W) (0, 1), W) (RY; Sp)))
® I8, @)l = Wil + 1GHwmys IEllwy = ifllwp
o N(u,Q)T) =
omanan (K@ Qo1 wary + KO0, Dl o 7y o))
HKO VW Dl 0.1,22) + KO @ Dl 01,25
where (t) = (1 + )2, b is given in main theorem.
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Thm 1

eN>3 ||<N 0< <1
- 2 . 2 NQ2
p22CED ey 3y,
ep=2+4+0, ¢ =2+0, N-Q2+o0)
g, >N UCNZS
gb:L
22+ 0)

Then, 3¢ > 0 s.t. for any (uo, Qg) € N, D, ,(R¥) N WS;Z(RN) with

2
2
2 100, o)l e, + 00, Qoo ey < €,
i=1

(BE) has a unique solution (u, Q) with
,Q) € X, 0 NXpgpoo
satisfying the estimate
N(u,Q)(0) < €.
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R-boundedness of solution operators

Def. Let X and Y be Banach spaces. A family of operators 7 C
L(X,Y)iscalled R bounded on £(X, Y), if there exist constants
C > 0 and p € [1,00) such that for any n € N, {T3},, C 7,
Uj}}’.’: , € X and sequences {r,-(u)}J’?:l of independent, symmetric,
{—1, 1}-valued random variables on [0, 1], we have the ineq.:

1

1 n | 1
{fo 1> Tl dul” < C{fO 1> rofly du)”.
J=1 J=1

The smallest such C is called R bound of 7, which is denoted
by RL(X,Y)(T)-

Remark Setting n = 1 in Def., we see that R-boundedness implies
uniform boundedness of the operator family 7.
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R) {/lu—Au+Vp + BDiv (AQ — aQ) = f, divu =0,

Q- D) - AQ +aQ =G. (B =2y/N)

solution formula
Taking divergence of the first equation of (R),

(1) p = —B(div DivQ — aA™'div Div Q) + A~ 'divf.
Inserting (1) into the first equation of (R),
(1 = A)u — BV(div Div Q — aA™'div Div Q)

(2) . e
+ BDiv (AQ —aQ) = f - VA 'divf =: g.

(8)  the second equation of (R) & (41— (A — a))Q = SD(u) + G.
Applying (1 — (A —a)) to (2), by (3) and diva =0

(A= (A —a)(A = A+ BX(A* —al)u

= (1= (A - a))g + BV(div Div G — aA™'div Div G) — SDiv (AG — aG).
Set P(1) = (1 — (A — @))(1 — A) + B>(A? — aA).
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P(Du = (1 — (A - a)(f - VA~'divf)
+ BV(div Div G — aA™'div Div G) — SDiv (AG — aG).
Sou=(ug,. .., uy) has form:

u; = A, G)

with
/l 2
A, G) = [% (,. - lé%f )
[ N
i i&;

- 7: hP(é: /l) [Z f]gé"fmGé’m + a[mzl |§|2§€§mGt’m
[ ﬁ N N .

L 7D [; i& )Gy +a ; ifeGﬂ)] ,

where P(£,2) = (1 + € + a)(A + [€7) + B2(EI* + aléP).
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R-boundedness for u

P(€,2) = (A+ |6 + a)(A + |€7) + B(EI" + alél)
=(@-2)1-1),

where
A= —(1+BIEP + 0,
A =—(1=pIEF —a+ O0(E") as ¢l — 0,
Ao = —(1 £iB)IEF + O(1) as ¢ — co.
A sector

Loy = {1 e Cllargdl <7 -0, = Ao}
forog <o <n/2and Ay > 1, where

[0 it B =0,
B {arg(l +iB) ifB#0.
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Lem.(cf. Denk-Schnaubelt (2015), Enomoto-Shibata (2013),
Saito (2019))

Let 1 < g < o0, k(&, A), £(&, ) be functions on (RY \ {0}) X Z.0;
Yo € (0o, 7/2), Ya € NV, 3 positive constant M, ,;

|agk(§’ | < M(z,rrlé‘:rlal, |agf(§’ D < M{Z’O_|é:|1*|a|.

for any (£, 1) € (RV \ {0}) x Z,. Let K(2), L(1) be operators
defined by

[K()f1(x) = FIE DFO1x) (A€ Zyp),
[Lf1(x) = FUE DFE)IR) (A€ Zi).

Then,
ACw .45 Rew,®vy{K(D) | 1 € 5 0}) < Cyy max M, .

la|<N+1

ACw g3 Reowi vy, @) AL | A € Zgp}) < Cvg max Mo,

||<N+1
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A+ 1P & .
AE,G) = F [%(1 Ze- )]_

o estimate of P(£, ) = (A + |6 + @) (A + E17) + B2(IEl* + aléP).

Y(£, 1) € RY x 2,
P&, D] > C(AI"? + |g)*

with some constant C independent of & and A.

Lem. Let oy be the same angle before. Then, Yo € (0, 7/2),

proof. Case: = 0. We use

Lem. Let0 < e <m/2. Then, VA e Z .y, Va > 0,
A+ al = (sine/2) (|1] + ).
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Case: 8 # 0. Recall that P(¢, 1) = (4 — A,)(41 — A1),

A = =(1 +BHIEP + 0,
L =—(1-BHEP —a+0(*) as ¢l — 0,

Ae = —(1 2 i[BIEF + O(1) as |¢ — oo.
low frequency part: we can prove by the same way as 8 = 0.
high frequency part: Let A = |A|e” for || < n — o, o € (07, 7/2).
Noting that A, = — /1 + B2|¢%¢*° + O(1) and A, = A,
A= = (A=)~ )
> AP+ (1 + B + 2T+ BIAIEP cos(8 F 079) = (1] + £ + O(1)O(1)
> AP+ (1 + O =2 VT + BAIIER cos(o — a) — (1] + 1€ + O(1)O(1)
> (1 = cos(o — o)) (AI” + %) = (1Al + |17 + 0(1)O(1).

Here, we used that cos(6 ¥ o) > cos{rnr — (00— 0)} = —cos(o—0y). O
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Letn =0, 1. By |[P(&, )| > C(|A]Y? + €))%,

020" PE )] < AN+l
for any (f’ /l) € RV x ZO‘,O with A = v+ iT.

W( & )]
p¢ Y Ifl2

1| iEdéP & A
ZT [P(f 7 G+ “Pe, 4>fo]'
102(70:)"((V?, 2"V, 2) blue parts}| < M, €17 (4 € Zy4).

" Roa,®y{(78:)"(V2, 27V, 2) blue parts | A € Z,,,,}) < Cy,.
102(10,)"((V?, A1V, 2) red parts)| < M, o | (1 € Zyp).
© R .z, ({(78:)"(V2,212V, 2) red parts | A € Z0}) < Cyg.

@ R-boundedness for u

uj = A, G) =
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Thm2Let1 < g < oo. Then, Vo € (g, 7/2), A1y = Ap(0) = 1 and
operators

A(A) € HOl(Zq 1, LWy (RY), W3(RY)))
B(2) € Hol(Z,.5,, LW, (RY), W (RY)))

st.VYi=y+itreX,, Ve L,R"),VGe qu(RN),
u=AE G), Q=BW(E GC)
are unique sol. of problem (R) and

Rg(wgf'(RN)’Lq(RN))({(Tar)nS/lA(/l) | A€ z:o-,O}) < CN,q,
RL(W;)»'(RN)’Lq(RN)xW;(RN))({(TaT)nT/lB(/D | /1 € Za,/lo}) < CN,q

forn =0, 1, where S,u = (V*u, 1'/>Vu, Au),
7.Q = (V*Q, 1'?V*Q, AQ), and Cy,, is a constant independent of A.
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generation of semigroup
ou— Au + Vp + SDiv (AQ — aQ) =0, divv =0,
9,Q - fD(u) - AQ +4aQ = O,
(w, Qli=o = (£, G).
Set
X,(R") = J,(R") x W, (R").
Let A be a linear operator defined by
A(u, Q) = (PAu — BPDiv (AQ - aQ), 8D(u) + AQ — aQ)
for (u, Q) € D(A), where P denotes solenoidal projection and
D(A) = (W, RY) N J,RY) x W (RY).
By R-boundedness, Y1 € £, ,, and Y(f, G) € X,(RY),
Al (a, @)llyor + 2|V, VZQ)IIL,, + ll(u, Qllly2s < CIIE, Gllyor
= A generates continuous analytic semigroup {e}5o on X,(R").
= [le™(f, Gllyzs + 10,7 (£, Gllyor < CIE, Blly2s (0 <7<2).
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maximal L,-L, regularity

Let X and Y be Banach spaces.

DR, X) : the space of X valued C* functions with compact support.
S(R, X) : the space of X valued rapidly decreasing functions.
S'(R,X) = L(S(R),X). Given M € Ly ,.(R, L(X,Y)), we define an
operator Ty, : F DR, X) —» S'(R,Y) by

Tue = F'IMFIgll (Flgl € DR, X)).

The operator-valued Fourier multiplier theorem (Weis, 2001)

Let X and Y be UMD Banach spaces and 1 < p < co.
Let M € C'(R\{0}, L(X,Y)) s.t.

Rexn({M(T) | T € R\{0}}) = ko < o0,
Rexn{tM' (1) | T € R\{0}}) = k1 < o0.

Then, the operator Ty, ¢ is extended to a bounded linear oper-
ator from L,(R, X) into L,(R, Y). Moreover,

ITaf |,y < Clko + kDIIfll,rx) (F € Ly,(R, X)).
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Let U = (u,Q), F = (Pf,G).
OU-AU=FinR" fort>0, Ul =0.

Let e™'F € L,(R,, Wy (RY)) and let F,, be the zero extension of F
to t < 0. We consider

AU —AU, =F, inRYforreR.
Applying Laplace transform yields AL[U,] — AL[U,] = L[Fy].
s LU = (A L[Fol(D), BA) L[Fol(),

where A(1) and B(1) given in Thm 2. Let 1 = y + it. By Laplace
inverse transform, we define U, by

Ui (1) = L AW LIFI(), B LIFJ(AN]@) (¥ = 71).

o ¢7"Up = F [(AWF [ Fol(r), B)F [¢ 7" Fo)()].

By Thm 2 and the operator-valued Fourier multiplier theorem,
”e_thllle(R’Wgﬁ(RN» + ||e_7tatU1”LP(R,WSJ(RN)) < Cl|e_7tF||Lp(R+’W2'1(RN))-
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L,-L, decay estimates of {¢"},5¢

QU -AU=0inR" forr>0, Ul = (f,G).

_ L] Akl rag o
u=o—F Ure e fdxl]+ .

1_1

IVe™ (£, Gl gy, < CF FG 218 Bl oy + I Dl o1y
» RY) 4 (RY) » RY)

_N(1_1y_
18, (£, @y, < C12 5777 U Bl gy + IE Bl o)
fort>1,1<g<2<p<oo, j=0,1,2.
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Outline of proof

underlying space:

IT,E = {(u’ Q) € Xp,q|,T N Xp,qz,T |(u’ Q)ltZO = (uo’ QO)’ N(u’ Q)(T) < €,
sup [|QC, Dl wy) < 1}

0<t<T

Given (u,Q) € 77, let (v,P) be a solution to the equation:

0,v — Av + Vp + BDiv (AP — aP) = f(u,Q), divv =0,
0,P — BD(v) — AP + aP = G(u, Q),
(v, P)li=o = (uo, Qo).

In order to prove (v,P) € 77, we check

N, P)T) < Cé.
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Setv=v,+v,, P=P, +P,.
(vy,Py) satisfies time shifted equations:

0vi + 4;vy — Avy + Vp + BDiv (AP — aPy) = f(u,Q), divv; =0,
0P + 1,P = BD(v) — AP} + aP = G(u,Q),
(v, PD)li=o = (0, 0).

(v, P,) satisfies compensation equations:

a,vz - PAVQ +ﬁPD1V (APQ - CIPQ) = Avy,
81P2 —ﬁD(Vz) — APz + CIPQ = /11P1,
(v2, P2)li=0 = (o, Qo),

where P is solenoidal projection.
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Analysis of time shifted equations
@ maximal L,-L, regularity

(L)
8,V1 + A1vi —Avy + Vp +,8DiV (AP] - ClP]) = f, divv; =0,

atPl + Py —ﬁD(Vl) — AP, +aP; = G,
Vi, PDli=0 = (0, 0).

L,((0, 7), Wy (RY)), (L) has a unique sol. (vi,Py) € X, r;
||<t>bat(vl, Pl)”LP((O,T),Wg'I(RN)) + ”(t)b(vl, Pl)”Lp((O,T),Wg’S(RN))
< C”(t)b(fa G)lle((o,T)ngJ(RN»-

Thm. Let 1 < p,g < oo, b > 0. Then, 44, > 1; V{,G) €

@ estimates for nonlinear terms in L,,, L,,, Ly,

@ Summingup, ¢ >N,1-bp<0=
||<t>b0t(V1, Pl)”Lp((O,T),W(?’](RN)) + ||<t>b(vly Pl)llLP((O,T),W§'3(RN))
< CN,Q(T) (g = q1/2.91.92)
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Analysis of compensation equations
@ Recall that
A(a, Q) = (PAu — SPDiv (AQ — aQ), fD(u) + AQ — aQ).

@ compensation equations

01(v2, Py) — A(v2, Pr) = (v, 1Py), (V2,P2)li=0 = (19, Qo),
By Duhamel’s principle

f
(v2,Pp) = e™(ug, Qo) + /hf e, Py, 5) ds.
0

@ Case: t > 2. estimates of spatial derivatives:

1/2 t—1 t
IVl s( f - f - f )||V]€ﬂ(t_s)(V1,P1)||Wo.1 ds.
! 0 ) -1 a

i Nl 1y )
IVe™ (£, Gl g, < Cr 2177 (ICE, Dllyos gy + IE Do @)
fortr>1,1<g<2<p<o, j=0,1,2.
le™ (F, Bllyzs @, < CUE, D23, for 0 <z < 2.
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j b b
”V ”WSJ < C”(t) (Vl’PI)HLP((O,T),WS’II/Z) + ||<t> (Vlapl)lle((()’T),W;%

j:1’2 iquQIa
< CN(u,Q)T)* for :
(u, Q)(T) LZO’I’Z ifq=q.
Remark

N(2 1 N
d te of {e™}z0 = = | = - —| = 50—
ecay rate of {&”"};50 2((]1 ql) 22+ 0)

=b

b

so that we can get decay estimates for V(v,, P,) and V2(v,, P,) in
L,

Combining estimates for time shifted eq. and estimates for
compensation eq., we have

N(v,P)T) < Cé.
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Estimates for nonlinear terms
@ estimates for nonlinear termsin L, L,,,

G, Q) = -(u-V)Q-26Q+1I/N)Q: Vu +- U
a2 > N =I0°QQ : VWi, < C(f <t>bpllQllp. IVull; dt)

< ClQl w2 K0 Vllz, i,y < CN(, QUT)*.
@ estimates for nonlinear terms in L,, » (for preparation)

G(u,Q) = -+ + b(Q — t(QII/N).
T 1/p
IO QL 0171, ) = ( f O"N1QNs,, , dr)

1/p
( f @@l dt)

1/p
(sup ||Q||qu) ( f (™ dr)
0<t<T 0

< CN@,Q)T)* if1-bp <0.
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Analysis of compensation equations
@ Recall that

A(u, Q) = (PAu — SPDiv (AQ — aQ), fD(u) + AQ — aQ)

generates a semigroup {e”"},», satisfying L,-L, estimates.
@ compensation equations &

0,(v2, Py) — A(v2, Py) = (A41vy, 41Py), (v2, P2)li=0 = (ug, Qp),

By Duhamel’s principle

!
(v2, Pp) = e™(ug, Qo) + 4 f eI (v, Py)(-, 5) ds.
0
@ Let (¥,,P,)) = fot e =9)(v,,P))(-, s)ds. We consider estimates of
spatial derivatives for (¥,, B,) in L,-L,, where g = q1, ¢,
p=q1=2+0,q,>N.
@ What is a suitable assumption for b (decay rate)?
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@ Case: t > 2.
IV (2, Bl

1/2 t—1 t )
s( f + f + f )||erf‘<f-s>(vl,Pl)||Wo,1 ds
0 1/2 -1 E

=2 1,(1) + I, () + HI(2).

i _N(1_1y_J
IVe™(E, Gllyor < Cr 222 (I, Dllyor ey, + I1E Do )
fort>1,1<g<2<p<oo, j=0,1,2.
lle” (£, Dllyzs gy, < CIE Dllyzagr, foro<r<2.

@ We use decay estimates with (p, q9) = (¢1,91/2), (g2, 91/2).

° [[(VI,PI)(‘, S)]] = ”(VI’PI)(.’ S)”W‘(;*ll/2 + Zq:ql,qz ||(V1,P1)(',S)||W§.3,
1/p

T
N, P)(T) = (f OV PO O dt| < CE.
0
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@ [,(1)

V™ (. Bl ey < C 2T HUE, Bllygor gy + I Gy )
fort>1,1<g<2<p<oo, j=0,1,2.

N 1
2o 5 Decay rates of {e™},5o:
N ( 2 1 )+ j_ N

Let ¢ =

J
) =(q1,01/2) = —|=— - —|+%= L
®.9) =(q1.91/2) \o o) I o +3

N —

N(2 1) j 2N
T2

>¢(j=1,2),

S (2+<T)+J
q1 2(2+0‘) 22+ o) 2
N 1
- S+lseizo1.2
0ty T2zt U )
N2+ o)
G > —
N-2+o0)

NQ2 +o0)
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0.9 =(q2.q1/2) = )

(N =3,4),
|f6]1 =2+0,



t/2
Iq(t)SCf (t = )"V, PG, )] ds

1/p’ 1/p
<Cvﬂ)(j\@>”dﬁ (f\«wuwbRXsnD )

< CrN,P)T) if1-p'b<0.

T T
*f(m%wYmSCf\WWWmNmPMD”
2 2
< CN(v,P)(TY if1-(-byp<DO.
1 1
Remark 1 —p'b <0, 1-((-b)p<0=>1=~+—<({-b)+b="
p p
Here,

N + ! > 1, but
2(2+0') 22+ 0)

so that we can get decay estimates for V(u, Q) and V?(u, Q) in L,.

<1ifN =3,4,
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@ decay rate b

1
By ¢ = -
V=367 T
1 N 1 1
1-(- ——= - - .
C-bp<0=>b<t » 2(2+0_)+2 1o
N
b= .
22+ o)
2
We check 1 -p'b<0. Byp=2+o0,p = +O-.
l1+o0
2+40 N N 3

l-ph=1-22_% g __ % - 0
p 1+022+0) X+0) 2040

if0<o<1/2.

Miho Murata Q-tensor model of nematic liquid crystals 2021/12/2 32/34



e I1,(1)
Using (1) < C(s)? for t/2 < s < t — 1 and Holder’s inequality,

(OPIL(t)

1 1p -1 » 1/p
SC( (r—s)‘fds) ( (t = )7 () 1LCv1, POC, )11) ds) :

1/2 12

By Fubini’s theorem,

T T 2s
[ (o @ <c [ [ - a(@ierocon) @
2 1

s+1

< CN(v,,P)(T).
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o III,(1)

(4) ||€ﬂt(f, G)”W,%s(RN) < C”(f, G)”WPM(RN) forO<t<2.

1, < C f V1 B 9y ds < € f (v, B )11 ds.
-1 -1

Employing the same method as in the estimate of 17,(z),

T
f (< r>b IIIq(t))p dt < CN(vy,P)(T).
2

@ Case: 0 <t <min(2,T). We use (4).
@ Summing up,

||<t>bv(€,2, IﬁPZ)l|Lp(((),7~)’|/yq1iz(RN)'i'||<t>b(‘~72a IﬁPZ)l|Lp(((),7~)’wt§é3(RN) < CN(VI’ Pl)(T)
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